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Abstract 



Considering the model of a scalar massive Fermion, it is shown that by means 
T^ I of deformation techniques it is possible to obtain all integrable quantum field theo- 

retic models on two-dimensional Minkowski space which have factorizing S-matrices 
i-G , corresponding to two-particle scattering functions ^2 satisfying 5*2(0) — —1. Among 

C^ ' these models there is for example the Sinh-Gordon model. Our analysis provides a 

complement to recent developments regarding deformations of quantum field theories. 
The deformed model is investigated also in higher dimensions. In particular, locality 
and covariance properties are analyzed. 
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1 Introduction 

Recent developments regarding the construction of quantum field theoretic models 
have shown that deformation techniques lead to models with non-trivial interaction 
[71 [HI lini [HI [El- This new approach starts from a well-known model which is 
subjected to a certain modification. This deformation has to be carried out in such a 



way that covariance and locality properties of quantum field theory are preserved. The 
results obtained so far show that this difficult task can be coped with by weakening 
the locality requirements. The localization regions are in that case so-called wedges. A 
wedge region W in d-dimensional Minkowski space is defined as a Poincare transform 
of a reference wedge 

Wo := {{xo, ..., Xd-i) eW':xi> \xo\}, (1) 

often called the right wedge. The notion of wedge-locality therefore refers to the van- 
ishing of commutators of two field operators which are localized in space-like separated 
wedges. 

In [16j G. Lechner presented a deformation method which in two space-time di- 
mensions yields a large class of integrable models. Considering only a single species of 
particles, the S-matrix of such a model is completely determined by the two-particle 
scattering function S2 . The class of integrable models obtained via deformation tech- 
niques in [16] corresponds to scattering functions with value -f-l at zero rapidity param- 
eter, i.e. 5'2(0) = -|-1. There are, however, very interesting models with 5*2(0) = —1 
which do not fit into the deformation scheme of |16) . An important example for such 
a model is the Sinh-Gordon model. 

In this note, we are mainly concerned with providing a similar analysis that includes 
integrable models with scattering functions satisfying £'2(0) = — 1 in the deformation 
framework and therefore complements the results in jl6| . In particular, our starting 
point is a quantum field satisfying canonical anticommutation relations instead of 
canonical commutation relations as in (16) . The difficulty here consists of the fact 
that the undeformed model is, except in two spacetime dimensions, non-local from the 
outset. The re-establishment of the locality property in more than two dimensions has 
up to now not been accomplished for the deformed model, although in the undeformed 
case remnants of locality can be found "Sj . 

Moreover, we also comment on the bosonic case. In particular, we point out that 
the analysis in [16] is unnecessarily restrictive and that a slightly more general result 
can be obtained (see Lemma [HS] below). 

In the next section we introduce the model of a scalar massive Fermion which 
is then deformed in Section [S] In addition, the properties of the model obtained in 
this way are analyzed. Focusing on the two-dimensional case, the deformed model is 
associated with integrable models. In Section |3] we summarize our findings and point 
out open questions. 

2 The model of a scalar massive Fermion 

2.1 The model 

This section is devoted to the specification of the model which describes a scalar 
massive Fermion. The model at least goes back to the 1960's and can be found in R. 
Jost's book |18i p. 103] in connection with weak local commutativity of field operators. 
In [S], D. Buchholz and S. Summers studied this model in more detail. In partic- 
ular, they were interested in the degree of nonlocality of the model and investigated 
if there are any remnants of locality which have physical significance. We recall those 
findings which are of particular interest for our purposes. 



2.1 The model 



To set the stage, let M' denote the antisymmetric Fock space over the one-particle 
space ,!^\ of a scalar particle of mass ?n > 0, that is 

M' = ffiJ^O'^' "^ri — -^^1 l\ ■ ■ ■ l\ =^, 

and Mq = C consisting of multiples of the vacuum state il. Here, we use the following 
convention 



'„ := — ^ cr(7r)^^(i) (g) ■ ■ ■ (g) ip^(n), ^Pt e o5^i, 



ifl f\ ■ ■ ■ f\ Lp> 

where the sum is over all permutations -k : (1, . . . , n) n- (7r(l), . . . , 7r(n)) and cr(7r) is 
+1 if -K is even and —1 if tt is odd. Furthermore, we use the notation 

As usual, we introduce creation and annihilation operators a*((/?) representing the 
CAR algebra on the Fock space M' , i.e. for (p,ip d M\ we have 

{a*(^),a*(^)} = 
{a(</.),a(^)} = 
{a(^),a*(^)} = (^,^)-l. 

In the following, we shall identify the one-particle space Mx with 1?{W^ ^ dfi{p)) where 
d > 2 and 



dn{p):=uj{p)-^5{p°-uj{p))dp, w(p) = v/p2+m2, m > 0, p = {p",p) eR'^. 
In this setting, the Fourier transform / of a function / e y(M.'^), 

f{p) := / dxf(x)e'P--, p-x^ p'>x° - px, 



restricted to the positive mass shell iJ+ = {p = (p°,p) G K'' : p° = ^^Cp)} is an 
element of J^i, i.e. /|^+ S .^. We shall, further, use the notation 

/±(p) := f{±p) = J dxf{x)e^^P-\ p e H+. 

The scalar product in J^/fn is given by 



{^n\lpn) = / rf^bl) • • • d^{pn)(Pn{Pl, ■ ■ ■ ,Pn)lpn{Pl, ■ ■ ■ , Pn) ■ 

The action of the annihilation and creation operators is defined by 



(«(¥')*)„ (Pi>---:-P«) := Vn + l d^i{p)(f{p)'^n+i{p,Pi, ■ ■ ■ ,Pn), 

1 " 
(a*((^)*)„(pi,...,p„) :== ^ V(-l)'=+V(Pfe)*n-i(pi,...,j5fe,...,p„), 

^ fe=i 

a*((^)il :~ if, a{ip)fl :— 0, 

where (p G c:^, ^ G ^^ and pfe denotes the omission of the variable pk- For further 
purposes, we introduce the operator- valued distributions a^{p) such that 



a{ip) = / dfi{p)ip{p)a{p), a*{ip) ^ / dfi{p)ip{p)a* {p) 



2.1 The model 



Their action is given by 



(a(p)*)„(Pi-- •■:?") = \/n+l*„+i(p,pi,...,p„), (2a) 

1 " 
(a*(p)*)„ (pi, . . . ,p„) = ^ ^(-l)'=+iw(p)<5(p - Pk)1'«-i(pi, . . . ,Pfc, . . . ,Pn). 



fc=i 



(2b) 



The Poincare group V^ is represented on J^ in the usual manner by the second quan- 
tized continuous unitary representation U which leaves f2 invariant and acts according 
to 

{U{a,A)^)„ (pi, . . . ,p„) = e^ 5:^.1 P.-a vi;„(A-Vi, ■ ■ • , A-^n), (a, A) e vl (3) 

The joint spectrum of the generators of the translation group U{a, 1) is a subset of 
the forward light cone V+ , i.e. the translation group satisfies the spectral condition. 

Proceeding in a standard way, we introduce an operator-valued distribution : 
yiW^)^ B{,yf) which is defined by 

0(/):^a*(/+)+a(F). (4) 

This field operator obviously satisfies canonical anticommutation relations, in partic- 
ular. 



W/),'^(3)}=(((/)^l.9+) + ((5)''l/ 



+ I f+\ \ . I 



Furthermore, ip is a weak solution of the Klein-Gordon equation, </>(/)* — (j){f) and it 
transforms covariantly under the adjoint action of the unitary representation U of the 
Poincare group, i.e. 

[/(a,A)0(/)[/(a,A)-i=0(/(,,A)), {a,A)eVl, 

where f(a,A){x) '■= / (A^^(a; — a)). Note that neither the anticommutator nor the 
commutator of two field operators (/>(/) and 4>{g) vanishes for spacelike separated 
supports of / and g. This circumstance is consistent with the spin-statistics theorem 
[T51 US] and expresses the nonlocality of the field </>. In fact, the corresponding net of 
von Neumann algebras 

n{W) := {</)(/) : / e J^(M'^), supp/ C W}" 

is maximally nonlocal, i.e. 

TZ{wynn{w') = c-i, 

where W is any wedge region (for a proof see [S]). Here TZ{Wy denotes the commutant 
of TZ{W) and W the spacelike complement of W. We shall further denote by W 
the set of all wedges. In more than two spacetime dimensions the set W is given 
by W = {5 Wo '■ 9 G V\_} whereas in two dimensions it consists of two disjoint 
components, namely the translates of Wq on the one hand, see Ecyr. ([1]), and the 
translates of Wq = —Wq on the other hand. 

We now introduce an auxiliary field (/) : S'{M.'^) — > S(J^) 



kf) ■■= (-l)^(^-i)/20(/)(-l)A^(^-i)/2 = (a*(/+) _ a(/-))(-l)^, (5) 



2.2 Modular structure 



where N is the particle number operator acting on J^n according to N\^^ — n ■ 1. 
The field (p has the same properties as (j), in particular it is also nonlocal. It turns out, 
however, that the fields (f) and (p are relatively local, i.e. the commutator 

m),H9)] - (((7) + l.9+> - ((5)+l/+» (-1)^, (6) 

vanishes for spacelike separated supports of the test functions / and g. More precisely, 
((/)^|5^) ^ ((5)^1/^) equals zero for spacelike separation of the supports of / and g. 
We shall denote hy TZ : W 1-^ TZ{W) the net generated by the field </). Thus, in 
terms of the two P^^-covariant nets {TZ{W)}wew and {TZ{W)}wi£W relative locality 
is expressed by 

Tz{w) c n{w'y = (_i)A^(^-i)/27^(^')'(_i)A^(Jv-i)/2_ 

2.2 Modular structure 

The analysis in [S] revealed that the vacuum vector 51 is cyclic and separating for 
the algebras TZ{W) and Tl{W), where W is any wedge region. Thus it is possible to 
determine the modular objects associated with the pairs {TZ{W),ft) and {TZ{W),n,), 
W e W. It turns out that the modular objects corresponding to {TZ{W),^) and 
those corresponding to {TZ{W),fl) coincide. The modular operator and conjugation 
are given by 

Aw = U{Aw{2iTr)) and Jw = U{jw) (7) 

respectively, where Aw{t), i € M, is the one-parameter group of Lorentz boosts which 
leave the wedge W invariant and jw is the reflection across the edge of the wedge W. 
The operator U{jw) acts according to 



{U{jw)'^)niPl,---,Pn) := 'i'ni-jwPn,---,-jwPl) (8) 

and extends the representation U of V^ to a representation of V+. Moreover, we have 

niwy :^niw'). 

In this setting the modular groups act geometrically correctly as expected from 
the Bisognano-Wichmann theorem, but as the model is not local the condition of 
geometric modular action [3] is not satisfied, i.e. the modular conjugations do not act 
geometrically correctly. 

2.3 The 2-dimensional case 

The restriction to the two dimensional Minkowski spacetime allows for certain tools 
[4j and papers quoted therein] for analyzing the content of local observables of the 
model under consideration. Making use of these techniques, it is possible to show 
that the model at hand does contain nontrivial operators localized in double cones 
[U O [12]. Before giving any details, we start by noting that in d = 2 wedge- locality 
can be implemented by defining 

n{Wo+x) := {cl){f):feS^{Wo + x)}", (9a) 

TZ{W^+x) := mf):fey{W:, + x)}", (9b) 

where x G M^. Due to the properties of the fields (j) and cj) it is clear from this definition 
that the resulting net {'R'(W)}w<£W is wedge-local and transforms covariantly under 



Poincare transformations. In more than two dimensions, however, this approach is not 
meaningful because one could rotate Wq into Wq and obtain by covariance an algebra 
TZ{Wq) generated by the field cj). But as already discussed above [(^(/), 0(5)] does not 
vanish at spacelike distances. The 2-dimensional case is special because there arc no 
rotations mapping Wq to Wq. 

In fact, within the 2-diniensional setting induced by Definition (jH]) both the mod- 
ular groups and the modular conjugation J act geometrically correctly. Moreover, 
Haag duality holds, i.e. n(Wy = UiW), W gW,^\T^. 

As already mentioned above, it is known that the net © contains nontrivial oper- 
ators localized in bounded spacetime regions, namely double cones O. More precisely, 
the focal algebras A{0) := TZiW) n TZ(W + x), O := W n (W + x), x e W, have 
cyclic vectors and therefore contain nontrivial operators (51[5J[T3]. In particular, the 
vacuum 51 is cyclic for the covariant and local net A and therefore the Haag-Ruelle- 
Hepp scattering theory is applicable. It turns out that the net A describes a Boson 
with nontrivial scattering matrix S = (— l)^(^~i)/2. In particular, S is factorizing 
and corresponds to the two-particle scattering function 5*2 = —1 [THITS] . 

3 The deformed fermionic model 

The deformation method presented in [TB] yields a class of integrable models with 
factorizing S-matrices in two space-time dimensions [T] . The S-matrix of such a model 
is completely determined by the two-particle scattering function 82- The mentioned 
class of integrable models arises from deformation of a covariant local free quantum 
field theory and corresponds to scattering functions with value -1-1 at zero rapidity 
parameter, i.e. 52(0) = +1. Models with scattering functions 5*2 satisfying £'2(0) = 
— 1, however, are not obtained in this way. This section is therefore devoted to the 
incorporation of these models into the deformation framework by deforming the model 
presented in Section [TT] At the same time, our analysis complements the results in 

m- 

3.1 The deformation procedure 

We shall work within the framework introduced in Section 12.11 and shall consider any 
spacetime dimension d> 2. Motivated by the deformation methods presented in [10] 
and [Ml Chap. 4], our deformation approach involves first of all an operator- valued 
function Tr : R'' ^ S(,if ) which is defined by 

(Tfl(a;)^)„ (pi, . . . ,p„) := [] R{x ■ Pk)-^n{pi, ■ ■ ■ ,Pn), (10) 

k=l 

with \1/ e J^. The function R, hereinafter referred to as the deformation function, 
should satisfy the following conditions 

Definition 3.1 A deformation Junction is a continuous Junction i? : M — > C such 
that the Jollowing properties hold: 

i) 

R{a)-'^ = R{a) 
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ii) The Fourier transform R of R is a tempered distribution, i.e. i? G y' , and has 
support in R+, implying that R extends to an analytic function on the upper half 
plane. 

iii) The extension of R to an analytic function on the upper half plane is continuous 
on the closure of the upper half plane. 

Note that the first property in Definition 13.11 yields that R{a) is a phase factor, i.e. 
\R{a)\ ~ 1. Therefore, Tji{x) is a unitary operator, i.e. Tr{x)* — Tr{x)~^ , since by 
Definition dTU]) we have 

Tr[x)* = T-^(a;), Tr[x)-^ = T^-. [x). 

The requirements ii) on the Fourier transform _R of i? in Definition 13.11 imply that 
R extends to an analytic function on the upper half plane due to Theorem IX. 16 in 
[20) . In particular, it follows from condition ii) that R is the boundary value in the 
sense of 5^' of a function which is holomorphic in the upper half plane and satisfies 
polynomial bounds at infinity and at the real boundary. Condition iii) requires that 
the boundary value is even obtained in the sense of continuous functions. 

Definition (jlOD further leads to the conclusion that for arbitrary deformation func- 
tions R and R' we have 

Tr{x)Tr,{x)^Trr,{x). (U) 

In addition, we introduce a (d x (i)-inatrix Q which is antisymmetric w.r.t. the 
Minkowski inner product on W^ and satisfies 



KQK- 



Q for A e Cl with AWq = Wq 
-Q for AeCi with AWo = Wo. 



(12) 



The most general Q satisfying (|12p is known to be of the form [TO] 



Q 



( ^ 

K 


K 








\ 












k' 


V 





-k' 


/ 



/ 



Q 



K 





V 





o/ 



for d = 4 and d ^ 4 respectively and with k, k' g R. Moreover, we have 



(13) 



AQA- 



-Q for AeCl with AWq = W^ 
Q for Ae C\_ with AWq ^ W^. 



(14) 



Having introduced the necessary notation, we may now define deformed versions of 
the operator- valued distributions a'^ (p) by 

°*R.,Qip) ■= a*{p)TR{Qp)\ aR^Q{p) := a*R^Q{py ■ (15) 

We shall need the commutation relations of a^{p) and Tr{x), which can be computed 
very easily. First, 

a{p)TR{x) = R{x ■ p)TR{x)a{p), (16) 

which for x — Qp yields that a{p)TR{Qp) — R{0)TR(Qp)a{p) due to the antisymmetry 
of the matrix Q. Taking adjoints, we find from equation ([T| 



a*ip)TR{xr = R{x-p) TR{x)*a*{p), 



3.1 The deformation procedure 



respectively 

a*ip)TRix) = Rix-p)-'TR{x)a*{p). (17) 

The deformed creation and annihilation operators therefore satisfy the following ex- 
change relations for arbitrary Q and Q' 

a*R,Q{p)a*R,Q'{q) = - j^.gj % fl,Q'(g)Qfl,Q(p). (18a) 

aR,Q{p)aR,Q'{q) = -^7Q—^aR.Q>{q)aR^Q{p), (18b) 

aR^QipWR.Q'iq) 

= u;(p)<5(p - ci)TRiQp)TR{Q'pr - ^^^fkQ'il)'^^^?)- (18c) 

Thus, as expected, the deformation has changed the underlying algebraic structure. 

We may now introduce as usual corresponding field operators using the deformed 
creation and annihilation operators. These deformed held operators (j)R^Q{f) are de- 
fined by 

^R,Qif)--=aR,Qin + aR,Q{~), / G ^(M'*), (19) 

where for ip € Mx 



aR,Q{v) = / d^i{p)ip{p)aR.Qip), a*RQ{ip) = / dfi{p)ip{p)a*RQ{p). 

Note that if we set the deformation function R{a) = — 1 for all a S M, the correspond- 
ingly deformed field operators are equal to the auxiliary fields given by Equation ([5]), 
i.e. 

0-i(/) = 0(/)- (20) 

For R{a) = 1 for all a G M, one recovers the undeformed field </> given by ([4]), i.e. 

Mf) = Hf)- 

In the same way as in the undeformed case, see Equation ^ , we may also consider 
the auxiliary fields 

^R^f) ■■- (-l)^(^-^)/^^i..Q(/)(-l)^(^-^^/^. (21) 

Due to (|TT1) and (PU)) . however, we have 

^R.Qif) ^ (^-R.Qif)- (22) 

In particular, in analogy to ((20|) it follows 

0-i(/) = 0i(/) = 0(/). (23) 

Due to the unitary equivalence 

a*,{^) - (-l)^(^-i)/2a#(^)(-l)^(^-i)/2, ^ € jTi, 

the operator- valued distributions dZ^ (p) also satisfy canonical anticommutation rela- 
tions. Furthermore, it is straightforward to check that 

[a(p),a_i(q)]=0, [a*{p),a*_,{q)]=0 (24a) 

Hp),alM)] = {a(p),a*(g)}(-l)^. (24b) 
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3.2 Properties of the deformed model in d > 2 

In the fohowing discussion we are interested in the features of the deformed field 
operators ipR.Qif)- To begin with, we investigate domain and hermiticity properties, 
the Reeh-Schlieder property and the Klein-Gordon equation. Our results are given by 
the following proposition. 

Proposition 3.2 Let R be a deformation function in the sense of Definition \3.1\ and 
let Q be a {d X d) -matrix which is antisymmetric w.r.t. the Minkowski inner product 
on R'' and satisfies \1'2\) and JT^ . Then the deformed field operators 4>R,Q{f), f G 
S^{M.'^), have the following properties: 

a) The dense subspace V C Jf of vectors of finite particle number is contained in the 

domain Vq of any 4'B..Q{f)- Moreover, (t>B..Qif)T^ C V and (jjR.qif)^ — 4'{f)^- 

b) For ^! ^D we have 

<f>R,Q{fr'^^^R.Qi7)^^ (25) 

and (pR^Q{f) is essentially self adjoint on T> for real f £ ^(M''). 

c) 4>R,Q is a weak solution of the Klein-Gordon equation, i.e. 

0i,,Q((n + m2)/)=O. (26) 

d) The Reeh-Schlieder property holds: For any non-empty open O C R'' the set 

Vr,q{0) := span{c^R^Q{fi) ■ ■ ■ cj^r^qUu)^ : n £ Nq, /i, ...,/„ G y{0)} (27) 

is dense in M' . 
Proof 

a) These statements are a direct consequence of the definition of 0_r,q ((H]). 

b) Since (/) = /T we have (/'fl,Q(/)** = (f'R.qiJ)^, * e P. Along the same lines 
as [21 Prop. 5.2.3] one can show the essential selfadjointness for real /. In particular, 
due to R being a phase factor, we find for ^^n S =^ the estimate 

ii0i.,Q(/)*„ii<(ii/+ii + iirii)ii(A^ + i)^/'*«ii. 

Therefore, for k E N 

ll0fl,Q(/)'*„|| <{n + kf'^ (II/+II + ||/-||) UR^Q{ff-'^n\\ < 

(n + fc)i/2...(„ + 1)1/2 (||/+|| + j|/-j|)^-||vl,„||. 
This yields for arbitrary t £ C that 

fc=o ■ fe=o \ ■ / 

implying that every ^I^ € 2? is an analytic vector for 4>R.Q{f)- Since T> is dense in ,^ 
and 4'R,Q{f) is hermitian for real / one can apply Nelson's theorem [5^1 Thm. X.39] 
and conclude that for real /, (pR^gif) is essentially selfadjoint on T>. 

c) This follows directly from ((D + m'^)f) = 0. 
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d) In order to prove this statement we want to make use of the spectrum condition 
and show in a standard manner |23| that 'Dji^Q{0) is dense in M' if and only if 
X>ij,Q(R'') C ^ is dense. Thus, let /» G y{W^), i = 1, . . . ,n, with supp^ C V+, then 
Vfi^QiW^) contains the vectors 



<t>R,Q{h) ■ ■ ■ <pR.Q{fn)n = al^qUt) ■ ■ ■ akQ(/rt)^ = Vrd^« (A.(/i+ ® • • • ® /+)) , 

where P„ is the orthogonal projection from the unsymmetrized J^®" onto its totally 
antisymmetric subspace M'm and Z?„ e y8(J^®") is the unitary operator multiplying 
with 

Dn{pi,-.-,Pn) = W R{Qpk-piY^- 

l<k<l<n 

By varying the test functions fi E S'CR'^) within this setting we obtain dense sets of 
f^ in J^i. Moreover, due to the unitary of D„ this also leads to a total set of vectors 
Dn{fi ® ■ ■ ■ ® fn) i'^ =^®", implying that under the projection P„ this set is total 
in M'n- Hence it follows that I?/j_q(R'') is dense in J^. Application of the standard 
Reeh-Schlieder argument [53] finishes the proof. D 

Furthermore, we are interested in the transformation behavior of the deformed 
fields 4>R,Q under the adjoint action of the representation U of the Poincarc group V+. 
We find the following results. 

Lemma 3.3 The operator-valued Junction Tn^Qp) defined by i tJQj) transforms under 
the adjoint action of the representation U of V+ 0j, (0] according to 

U{a,K)TR{Qp)U{a,K)-^ = Tii{{AQA-') Ap) , {a,A) eVl (28a) 

Uia,A)TR{Qp)Uia,Ay' - Tr{- {AQA-') Ap)\ ia,A)eVi, (28b) 



where Q is a {dx d) -matrix which is antisymmetric w.r.t. the Minkowski inner product 
on K**, satisfying il^) and 17^. Correspondingly, the operator-valued distributions 

'■R,Q\ 



'^R O (p) t'f'O'i^sform as follows 



U{a,A)a*R,Q{p)U{a,Ay' = e'^^'-^^kAQAM^P)^ {a,A)eVl, (29a) 

t/(a,A)a^,Q(p)[/(a,A)-i = e-'^P-a:^_^Q^_,(-Ap), (a,A)e7't, (29b) 

U{a,A)aR,Qip)U{a,A)-' - e~'^P-^aR,^Q^-r{Ap), ia,A)eVl, (30a) 

U{a,A)aR,Q{p)U{a,A)-' - e'^P-'^a.^^ ,,qa-i(-Ap), («,A)e7't. (30b) 

The smeared field operators 4>R.Q{f), f G ^(IR''), i fjffj) therefore satisfy 

C/(a,A)0fl,Q(/)f/(a,A)-i = 0/?,aqa-i (/(a,A)), {a,A)eVl (31a) 

t/(a,A)0fi,Q(/)f/(a,A)-i = 0-l?,AQA-i(7(a,A))' KA)G7'i, (31b) 

where f(a,A)ix) = fi^^^ix-a)). 
Proof 
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If (a, A) e Vl and * G =^, then 

n 

{U{a,A)TR{Qp)U{a,Ar'^)^^ (pi, . . . ,p„) = [] i?,(gp • A^VO^nbi, ■■.,Pn) 

n 
k=l 

= (Tfl(AQA-iAp)*)^(pi,...,p„), 

provmg the first statement. Since U{a,A)a{p)U{a,A)^^ — e^^^P'°'a{Ap) it foUows for 
aR,Q{p) 

U{a,A)an,Q{p)U{a,A)'' = e-'^P-"Tfl(AQA-iAp)a(Ap) 

Analogously, one shows the corresponding statement for a|j q{p)- For (a, A) e T'j: one 
finds 



{Uia, A)TR{Qp)Uia, A)-'^)^^ ipi,...,Pn) = JJ R{-Qp ■ A-ipfe)*nbi, ■ • • ,P«) 

fc=i 
= (rfl(-AQA-iAp)**)Jpi,...,p„). 

Hence with U{a,A)a{p)U{a,A)-'^ = e'^P°a_i(-Ap) it follows 

U{a,A)aR^Q{p)U{a,A)-^ = e*^P"^%(-AQA-iAp)a_i(-Ap) 

For a|j Q (p) one proceeds in the same way. The transformation behavior piD of the 
field (l>B,,Q is a direct consequence of Equations ([29| and ((30)) . D 



The previous lemma shows that in the deformed model 7^_(--covariance is violated. 
The property of T'j^-covariance is, however, preserved. To this end, let 3^b.{Wq) denote 
the polynomial algebra of fields generated by all <t>R,Q{f) with / e 5^{Wq). It follows 
from the transformation behavior (l3T|) that the algebra 



.'^R{AWo + a):=U{a,A).'^R{W^)U{a,A)-\ {a,A)eVl (32) 

is generated by the fields (f>R^AQA-^ (/) with / e y{AWo + a), and the corresponding 
net W ^ ^RiW), M^ e W, is -pj^-covariant. 

In two spacetime dimensions the deformed theory admits a T'^-covariant net if an 
additional condition is imposed on the deformation function R, see Section 13.31 

Note that there is a connection between the set of wedges W and the orbit 
Q := {AQA"^ : A G >C+}. Namely, Q is in one-to-one correspondence with wedges 
whose edges contain the origin [TO]. The deformation function R, on the other hand, 
specifies the kind of deformation that is used. 

It is clear that in general the properties of the deformed field (Jjr^q differ from 
those of the undeformed field </>. In particular, (/) is a bounded operator, whereas 
4'R,Q is in general not as the exchange relations (1181) imply. and 4>r,q, however, 
have in common that they are both nonlocal fields. The nonlocality of (t)R^Q can be 
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explicitly seen by computing the two-particle contribution of the field commutator 
[4'R,Q{f)T4'R,Qi9)] applied to the vacuum fl, which yields 



dfiip)dfiiq)f+ip)g+iq) (^i?(g • Qp)a* ip)a* (q) + R{p ■ Qq)a*{p)a* {q)^ n. (33) 

This expression, however, only vanishes if R{a) = —R(—a), Va G M. This requirement 
may be true for a function that fulfills i?(0) = 0, but with regard to Definition 13.1 
that requires |i?(a)| = 1 such a deformation function is inadmissible. 

Note that in contrast to the deformation of a bosonic model [TOIITI], where 4>fi~Q'{f) 
is relatively local to 0g%(5), i-e. [^r^q (/),<?!>§°3q(5)] = for supp/ C Wq and 
supp g C Wq, 4'R,Qif) is not relatively local to (pR^-Q^g) for supp / C Wq and supp 5 C 
Wq. In particular, the two-particle contribution of [4>R.,Q[f), 4>R,-q{9)\ applied to the 
vacuum reads 



2 / d^l{p)d^i{q)f+{p)g+{q)R{q■Qp)a*{p)a*{q)^ 



which because of Definition 13.11 does not vanish. 

Along the lines of the undeformed case, see Equation ([6]), we may consider the 
field commutator [0R,Q(/),^ii _Q(g)] = [(j)R^Q{f),(j)_R^_Q{g)] for supp/ C Wq and 
supp g C Wq . For the investigation of this commutator it is necessary to compute the 
corresponding commutation relations of the operators a^n with a_j^_Q. A simple 
calculation shows that 

[aR,Q{p),a-R-Q{q)]=0, [a*R,Q{p),a*_R_Q{q)]^0, (34a) 

[aR,Qip),a*_R^_Q{q)]^uj{p)d{p-q){-l)''TRiQp)TRi-Qpy, (34b) 

[a*R^Q{p),a-R,-Q{q)]=cj{p)S{p-<i){^lf+'TR{QprTR{-Qp). (34c) 

Proposition 3.4 Let R be a deformation function in the sense of Definition \S.l\ and 
Q a {dx d) -matrix which is antisymmetric w.r.t. the Minkowski inner product on M'', 
satisfying ilS\) and p^. If k > in il3\) . then the field operators 4>R.Q{f) (03) and 
4>-R^-Q{g) are relatively wedge-local to each other, i.e. for f £ S^{Wq), g G 5^{Wq) 

[0i?,Q(/),0-fl,-Q(g)]* = O, vi/ep, (35) 

holds. 
Proof 

Since ($, [0ij,Q(/), (/)__r^_q(5)]^), <i>,^ G 2?, is a tempered distribution in / and 
g, vanishing on C^{Wq) x C^{W{;) implies vanishing on ^(M^o) x ^iW^). Making 
use of that property it thus suffices to prove ^ for {f,g) G C^{Wq) x C^iW^^). 

Due to the commutation relations (j34l) we have 

[4>R,Q{f),4>-R,-Q{9)]'^ = (KQ(F),alfi,-Q(5+)] + KQ(/+),a_R,_Q(F)]) *, 



3.2 Properties of the deformed model in d >2 13 

which together with Definition 13.11 yields the following n-particle contribution of this 
vector 

ii^Qif), 0-fl,-Q(g)]*)„ {Pl, ■■■,Pn) 

^ (-1) V *<.) (r <*^(^) n il^ - /^<*-<^) n s_a^) 

x^„{pi,...,Pn). (36) 

Our task is now to show that this expression vanishes for aWpk, k = 1, . . . ,n. Following 
the proof of Proposition 3.4 in [TDl we may introduce new coordinates: 



m± -.^ Jm'^ +p\, p± := {p2,...,Pd-i), t? := Arsinh 



■m± 



Thus, in the coordinates (t^jPj.) we have 



d/i(p) — — — — - = d'dd ^^p±, p = p{'d) := rTij^sinhi? 



mj^cosht? 
sin] 
P± 



Correspondingly, we use the following notation 

/±(^,p^):=7(±p(z9)). 

According to \W , f~{'d + iX,p±) is bounded on the strip < A < vr, ^ G K, due 
to supp/ C Wo and analyticity properties of /, / € C§°{Wo). In particular, / is an 
entire analytic function because / has compact support. Moreover, also g+(?9+iA,pj_), 
suppg C Wq = —Wo, is bounded on the strip < X < tt, -d £ R, and the boundary 
values at A = TT are given by 

r(^ + ^7r,pi) = /+(79,-pi), g+i^ + iiT,p^)=g-id,-p^). (37) 



It remains to study the properties of the functions -d n- R^Qp^-ff) ■ pk)R[—Qp('d) ■ p^), 
k = 1, . . . ,n, which appear in (l36l) . It follows for < A < tt that 



Im (p(^ + i\)Q ■ pk) - Atm^sin A ( ""^H ) ' ( ^ ) > 

because k > and both (cosht?, sinh?9) and (j>1,pj^) are in the two-dimensional for- 
ward lightcone. Due to Definition 13.11 this implies that the functions z i— > R{Qp{z) ■ 
Pk)R{-'Qp{z) ■ Pk), k — 1, . . . , n, are analytic on the strip 5(0, tt) :— {z = -d + iX Cz 
C : < A < tt}. In addition, it also follows from Definition 13.11 that these func- 
tions are continuous on the closure iS'(0,7r) of 5(0, tt), which implies that \R{Qp{z) ■ 
Pk)R{-Qp{z) ■ pk)\ < 1 for z e 5(0, tt) di Thm. 12.9]. Hence, together with the 
previous discussion it is possible to shift the ^-integration in ((36|) from R to R 4- itt. 
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Making use of (1571) . we have 

/^M(P)/-(P).-(.)n|^ 



i?(Pfe • QP)_ 
Qp) 



Ri-Pk ■ Qpm 



/n 
fe=i 






Thus, 



{[(t>R,Q{f). 0-fl,-Q(g)]*)„ (pi, . . . ,p„) = 
for supp / C Wo and supp g C Wq . D 

Corollary 3.5 Lef R he a deformation function in the sense of Definition \S. I\ and Q 
a {d X d)-matrix which is antisymmetric w.r.t. the Minkowski inner product on W^ , 
satisfying il2\) and p^. If k < in il3\) . then the field operators 4>R,-Q{f) US) '^^'^ 
4>-R,Q{g) are relatively wedge-local to each other, i.e. for f G S^{Wo), g € S^{Wl^) 

[0i,,_Q(/),0.fl,Q(g)]vI/ = O, vl/eP, (38) 

holds. 

The proof of this statement is analogous to the one of Proposition [231 

As a consequence of Proposition 13.41 the ■p]^-covariant nets I!^r and i^-R are 
relatively wedge-local in the sense that 

^r{W) C ^-r{W')', 

for W = AWo + a. Hence, in analogy to the undeformed case, see Section 12. 1[ we 
are dealing with nonlocal nets. Due to Proposition 13.21 it is, however, possible to 
proceed from the net W i— >■ 3^r{W) to the corresponding net of von Neumann algebras 
^r{W). Considering these nets of bounded operators, one may analyze intersections 
of algebras such as 

iR{Wir]W^):=^RiWi)n^-.R{w^), W^cWi, Wi,W2eW, 

For the special case R = 1 the authors in [^ show that such intersections are not 
trivial and the corresponding net fulfills certain locality and covariance properties, 
depending on the spacetime dimension d. For general deformation functions R this is 
still an open problem which is being pursued. 

Note that in contrast to the results in jIB] where the deformation of a bosonic 
model is investigated, we did not require that the deformation function R satisfies 
R{a)^^ = R{—a) and -R(O) = 1. In particular, i?(0) = 1 in [TC] results from the 
deformation of the underlying Borchers-Uhlmann algebra ^. More precisely, the 
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deformation is based on linear homeomorphisnis p : ^ — > ^ with p(l) = 1 and 
P(/)* = P(/*)i / £ ^7 which endow S^ with a new product (8)p defined by 

f<E>p9:=p-Hp{f)<E>p{g)), f,geS^. 

Requiring a certain compatibility between p and a state w on ^, namely 

uj{f(^pg)=u{f(^g), f,geJ^, (39) 

the representation spaces arising from GNS construction are identical for the deformed 
and undeformed case, simplifying the analysis. Moreover, assuming that the deforma- 
tion maps p act multiplicatively in momentum space, i.e. 

P(/)„(Pl, • • ■,Pn) := Pn{Pl, ■ ■ ■ ,Pn) ' /n(Pl, • • ■,Pn), 



the compatibility requirement (j39]) for quasi-free, translationally invariant states lo 
yields explicit conditions on the functions p„ € C°°(IR"''), n G Nq. In particular, it 
turns out that the functions p„ are determined by the functions p2- The connection 
to our deformation approach is given by 

P2{p,q) -.^ R{-p- Qq). 

The conditions on p2 yield, inter alia, R{a)~^ = R{—a) and i?(0) = 1. 

However, in the deformed bosonic case [TB] the requirement R{a)^^ = R{—a) is 
necessary for obtaining wedge-locality and covariance. In contrast to this, we do not 
obtain the same result for our deformed fermionic model by imposing this relation, 
except in two spacetime dimensions, see Section 13.31 Nevertheless, the requirement 
-R(O) = 1 is redundant for establishing wedge-locality and covariance properties for 
the deformed model in both the deformed bosonic and the deformed fermionic case. 
In particular, one can perform a deformation as presented in Section [33] of a bosonic 
model involving field operators (ff^'-^^ and arrive at a covariant and wedge-local de- 
formed model involving deformed field operators (I>'^'~q^ with deformation functions R 
not necessarily satisfying i?(0) = 1 as is the case in |16) . 

In fact, considering a deformation function R, the correspondingly deformed net 
jS^r is unitarily equivalent to the net ^-r, implying that deformations involving 
R and those involving —R are equivalent. In other words, a model resulting from 
deformation associated with R is physically indistinguishable from a model arising 
from deformation with —R. We summarize this result in the following lemma. 

Lemma 3.6 The net ^r is unitarily equivalent to the net IP-r. The unitary V 
relating these two nets is given by 

where N is the particle number operator, i.e. N\jp^ = n ■ 1. 
Proof 

Since the unitary V commutes with all Poincare transformations, i.e. 

[v,u{g)] = o yger+, 

and satisfies Vil — ft, the unitary equivalence V^rV^^ = 3^-r, follows. D 
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3.3 The 2-dimensional case and integrable models 

In this section we shall consider the case of a two-dimensional Minkowski space. Recall 
that in d = 2 the set of wedges W consists of two disjoint subsets, namely the translates 
of Wq (H)) and the translates of Wq — —Wq. Moreover, the matrix Q is of the form 

Q = a('J M, AeM. (40) 

In analogy to the undeformed case (J9l) we may define for a fixed deformation function 
R given by Definition 13.11 and an admissible and fixed matrix Q (|101) the polynomial 
algebras 0^{Wo + x) and ^{Wq + x), x S M? , which are generated by the fields 
(t>R,Q{I), I e .3^(Wo + x), and (j)^R^Qif), f e yiW^ + x), respectively, i.e. 

^(Wo + x) := {polynomials in 0fl,Q(/) : / e y{Wo + x)}, (41a) 

^{W(i + x) := {polynomials in (/._-^q(/) : / G y{W;^ + x)}. (41b) 

This definition, however, only produces a wedge-local and covariant net W H' ^{W), 
W £ W, if the deformation function R fulfills the property 



R{a)^R{-a), y a e R. (42) 

If, namely, this property holds, the fields 4>_-i^ oif) ^^^ equal to 4i-R,-Q{f) and wedge- 
locality follows from Proposition 13.41 We shall therefore assume this relation in what 
follows. Due to Lemma l373l the net W i— )■ ^{W), W € W, also transforms covariantly 
under the adjoint action of the representation U of 7^+. 

In the following, we would like to relate the covariant and wedge-local net {^{W)}wew 
to an integrable quantum field theory model with factorizing S-matrix on two-dimensional 
Minkowski space. To this end, we start by noting that in two dimensions one may 
parametrize H^ with the help of the rapidity 6 £ R, i.e. p{d) := TO(cosh6',sinh6'). 
Making use of this notation and (PO)) , we have 

-P{0i) ■ Qp{02) = ATO2sinh(0i - 02), 91,92 £ M. 

We further define 

S-A : M ^ C, 5a (61) := -^(Am^sinh 61)2. (43) 

Since the entire analytic function sinh maps the strip 5(0, vr) := {z G C : < Im z < n} 
onto the upper half plane and since by Definition 13.11 R has an analytic continuation 
to the upper half plane, the function 5a, A > 0, extends to an analytic function on 
the strip 5(0, tt). Moreover, it follows from the requirements on the function R by 
Definition 13.11 and the properties of sinh that 



5a(0) = -1, Sxi9) = Sxi-9)^Sx{e)-'^Sx{e + nr), A, G M. 

These properties of the function 5a are familiar from the context of factorizing S- 
matrices and express the unitarity, hermitian analyticity and crossing symmetry of 
the scattering operator 5 associated with 5a [HI [12] • In addition, the Yang-Baxter 
equation is trivially fulfilled by 5 because we are considering here only a single species 
of particles. Due to these properties the scattering operator 5 associated with 5a 
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agrees with an S-matrix of a completely integrable relativistic quantum field theory 

m- 

The connection of an integrable quantum field theory model to the deformation 
procedure carried out in Section I^TTI and therefore to the net {^{W)}wew may be 
clarified by introducing 

zx{e) :- afl,Q(p(e)), zi{0) := a^,Q(p(0)). 

The exchange relations (fT8|) for Q = Q' and Q given by (j40|) then read 

zxidi)zx{02) = SxiO2~di)zxie2)zxi0i) 

zl{e^)zl{62) = Sx{e2 - o,)zl{e2)zl{e^) 

zx{ei)zl{e2) - Sx{ei-e2)zl{92)zx{ei) + 6{e,-e2)-i. 

That is, zx{0) and z]^{9) form a representation of the Zamolodchikov-Faddeev algebra 
[21 [21] with scattering function Sx{d)- Initiated by B. Schroer [21], it was shown [^[T^ 
[T51 [21] that one can use this algebraic structure as a starting point for the construction 
of quantum field theories with factorizing S-matrices. Within this approach, one uses 
the fields (j)x{x) -.^ J de{e'P^'^>''zl{e) + e-'P^^>''zxie)) associated with z*{e) as wedge- 
local polarization-free generators for constructing model theories. The interesting 
point here is that these fields appear in the present setting as a consequence of the 
deformation of the model given in Section 12.11 More precisely, the fields cj)x coincide 
with the deformed fields 4>r^q G ^■ 

As already mentioned in Section 12. 3[ in d = 2 there are certain operator-algebraic 
techniques by means of which it is possible to analyze the content of local observables 
of the considered model [1]. Using these tools, it was shown in [13] that if ^a is a 
regular scattering function in the sense that z i— > Sx{z) can be extended to a bounded 
analytic function on the strip {z € <C : —e < Imz < tt + s} for some e > 0, then 
the quantum field theory arising from (j)x contains nontrivial observables localized in 
arbitrarily small open regions O C K.^. Moreover, besides other standard properties of 
quantum field theory also the Reeh-Schlieder property holds. In addition, the S-matrix 
of the model is found to be the one determined by the two-particle scattering function 
Sx [E] . The following theorem demonstrates the connection of the deformation of a 
scalar massive Fermion to integrable models. 

Theorem 3.7 Every integrable quantum field theory on two-dimensional Minkowski 
space with scattering function Sx of the form ^3\ l can be obtained by deformation of a 
scalar massive Fermion in the sense of Section \8. 1\ vrovided the deformation function R 
satisfies R{—a) — R(a)^^ for all a G M. If further Sx is regular, then in the deformed 
theory there exist observables localized in double cones, and the Reeh-Schlieder property 
holds HE Thm. 5.8]. 



Thus, the analysis presented in this paper provides a complement to the results in [16j 
as there the class of integrable models with scattering functions satisfying S'a(O) = — 1 
was not obtained by means of deformation techniques. 

Note that since the deformation function R appears quadratically in the definition 
of the scattering function Sx (143p , Sx does not depend on the sign of R. This circum- 
stance implies physical indistinguishability of correspondingly deformed models, i.e. 
models arising from deformation with R and — i?, which is in agreement with Lemma 
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We close this section by giving concrete examples of deformation functions R for 
which Theorem 13.71 applies, namely 

n 

, , TT Zk — a 

i?a =±TT^^, lmzfc>0, 

-'■-'- Zk + a 

fe=i 

where for each Zk also — z^r is contained in the set of zeros {zi, . . . , z„}. 

4 Conclusions and open questions 

Starting from a model of a scalar massive Fermion we included a certain class of inte- 
grable quantum field theory models into the deformation framework in two-dimensional 
Minkowski space. Namely, these are those integrable models whose factorizing S- 
matrices are completely determined by scattering functions 5*2 satisfying 5*2(0) = —1. 
For example, the scattering function of the Sinh-Gordon model belongs to this class. 
The analysis presented in this paper therefore provides a complement to the results 
in [TB] where S2 was required to satisfy 5*2(0) — 1. 

The establishment of locality properties of the deformed model turns out to be 
a difficult task as the undeformed model is already nonlocal. In two dimensions, 
however, it is possible to achieve wedge-locality by imposing an additional condition 
on the deformation function R, namely R{a)^^ = R{—a) for all a G M. Moreover, 
it follows from the analysis of integrable models [15j that the deformed theory also 
admits local observables in d = 2. Analogous results for higher dimensions have not 
been achieved up to now. This problem is, however, under investigation. 

One can also ask if some of the conditions on the deformation function R can be 
relaxed. As part of our analysis, it turned out that from the physical point of view 
the deformed theory does not depend on the sign of the function R. In particular, two 
nets arising from deformation with deformation functions R and — i? respectively are 
unitarily equivalent. This result generalizes the deformation procedure of [IS] because 
there one requires that the function R satisfies the condition i?(0) = 1 which by our 
result is redundant. Since the latter condition is a consequence of the deformation of 
the underlying Borchers-Uhlmann algebra |16j . the deformation approach presented 
here extends the possibilities for obtaining new models by deformation techniques. 

It is expected from the simple form of the deformation that if our deformed model 
admits interaction in more than two dimensions, the theory will not involve momentum 
transfer or particle production and therefore will not be physically realistic. In order 
to realize these interactions, the generalization of deformation techniques is currently 
being developed and will be presented elsewhere. 
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